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ABSTRACT. Motivated by generalized geometry, we discuss differential ge- 
ometric structures on the total space XMof the bundle TM ©T*M, where 
M is a differentiable manifold; TM is called a big-tangent manifold. The ver- 
tical leaves of the bundle are para-Hermitian vector spaces. The big-tangent 
manifolds are endowed with canonical presymplectic, Poisson and 2-nilpotent 
structures. We discuss lifting processes from M to TM. From the point of 
view of the theory of G-structures, the structure of a big-tangent manifold 
is equivalent with a suitable triple (P,Q,S), where P is a regular bi vector 
field, Q is a 2-contravariant symmetric tensor field of the same rank as P and 
S is a 2-nilpotcnt (1, l)-tcnsor field. The integrability conditions include the 
annulation of the Schoutcn-Nijcnhuis bracket [P, P] , the annulation of the 
Nijenhuis tensor As and conditions that connect between the three tensor 
fields. We discuss horizontal bundles and associated linear connections with 
the Bott property. Then, we discuss metrics on the vertical bundle that are 
compatible with the para-Hermitian metric of the leaves. Together with a 
horizontal bundle, such metrics may be seen as a generalization of the double 
fields of string theory with the role of double fields over a manifold. We define 
a canonical connection and the action functional of such a field. 



1 Introduction 

The geometry of the total space of a tangent bundle is of considerable interest 
in differential geometry and it was the subject of many publications. In the 
more recent subject of generalized geometry introduced by Hitchin [8], which 
is of interest in theoretical physics (e.g., [25]). the tangent bundle TM of the 
m-dimensional, differentiable manifold M is replaced by the big tangent bundle 
TM = TM ®T*M . Accordingly, we investigate the geometry of the total space 
of a big tangent bundle, called a big-tangent manifold, which we will denote by 
1M . The name big tangent bundle will refer to either the bundle structure or 
its total space as indicated by the context. 
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We recall that the bundle TM has a non degenerate, neutral metric and a 
non degenerate 2-form defined by 

g{X,y) = \{a{Y)+n[X)), u(X, y) = \{a{Y) - »(X)), (1.1) 

and the Courant bracket 

[X, y] = ([X, Y\,LxH - L Y a + ±d(a{Y) - fi(X)), (1.2) 

where calligraphic characters denote pairs X — (X, a) , y = ( Y, fi) with X, Y 
either vectors or vector fields and a, \x either covectors or 1-forms. The structure 
group of (TM, g) is 0(m, m) and generalized geometric structures are defined 
as reductions of this structure group to various subgroups. 

In the paper, we use the typical notation of differential geometry, e.g., like 
in [9], and the reader may refer to [12] for the encountered foliation theory 
notions. For the evaluation of exterior and symmetric products we use Cartan's 
convention 

a A 0(X,Y) = a(X)(3(Y) - a(Y){3(X), 

a p(X, Y) = a(X)f3(Y) + a(Y)f3(X), 

etc., without a factor 1/2 in the right hand side. Everything will be C°°-smooth 
(possibly, except along the zero section of a vector bundle). 

In Section 2 we show that the leaves of the vertical foliation of a big-tangent 
manifold are para-Hermitian vector spaces and that the manifold has canoni- 
cal presymplectic, Poisson, 2-nilpotcnt and generalized 2-nilpotent structures. 
Then, we define the vertical and complete lifts of vector fields from M to TM, 
which are similar to those from M to TM, and new lifts from TM and T*M to 
TM. 

In Section 3 we give the interpretation of the structure of TM as a G- 
structure, equivalent to a suitable triple (P, Q,S), where P is a regular bivector 
field, Q is a 2-contravariant symmetric tensor field of the same rank as P and 
S is a (1, l)-tensor field with S 2 — 0. This leads to almost big-tangent man- 
ifolds and their intcgrable case the big-tangent manifolds. We establish the 
corresponding integrability conditions, which consist of the annulation of the 
Schouten-Nijenhuis bracket [P, P] , of the Nijenhuis tensor Afs and of the Lie 
derivatives of S with respect to P-Hamiltonian vector fields. 

In Section 4 we discuss horizontal bundles. We lift horizontal bundles of the 
usual tangent manifold to the big tangent manifold, particularly, those defined 
by regular Lagrangians. Then, we consider the linear connections that have the 
Bott property known from foliation theory and we show the main properties of 
the torsion and curvature of these connections. 

In Section 5 we discuss metrics and vertical metrics on a big-tangent man- 
ifold. We review the canonical connection of foliation theory for the vertical 
foliation and its curvature properties. Vertical metrics that are compatible with 
the para-Hermitian metric of the leaves, together with a horizontal bundle, may 
be seen as a generalization of the notion of double field studied in string theory. 
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We transfer to this case the para-Hermitian construction of an invariant action 
of the field given in [23] . 

2 The big tangent manifold 

The big tangent manifold SM has dimension 3m, m — dimM. The points 
of TM are triples (x € M,y € T X M, z g T*M) and one has natural local 
coordinates (x l ,y l ,Zi), where i = 1, ...,m, (x l ) are local coordinates on M, (y l ) 
are vector coordinates and (zj) are covector coordinates. The corresponding 
coordinate transformations are: 



dx l Ox^ 
x l = 5-V), f = —y\ Zi = g-z r (2.1) 



Notice the existence of the global function ev(x, y, z) = z(y) = Ziy 1 , ev € 
C°°(TM), called the evaluation function (we use the Einstein summation con- 
vention overall). 

On TM, a tangent vector X and a 1-form a have the coordinate expressions 

x =ei + i'w +<i ^ (2 ' 2) 

o = ctidx 1 + Pidy 1 + "fdzi, (2.3) 

and a coordinate transformation (|2.ip implies the following change of vector and 
covector coordinates: 

da;- 7 <9y J <9z 7 - cV ■ dx l ■ 

a * = ^ + 9^" + ^ 7 ' ft = 7 = a^ 7 ■ 

The manifold TM has the projections 

p : TM -> M, pi : TM -> TM, p 2 : TM -> T*M 

on M and on the total spaces of the tangent and cotangent bundle, respectively. 

For any fiber bundle, the tangent bundle of the fibers is called vertical and, 
usually, denoted by V. On TM, the vertical bundle has the decomposition 

VTM = Vi©V 2 , (2.5) 

where 

Vi =pl x {VTM), V2=P2\VT*M) 

and have the local bases (d/dy l ), (d/dzi), respectively. We also have the iso- 
morphisms 

Vi «p _1 (TM), V 2 ttp- 1 (T*M), V wp- x (TAf). (2.6) 
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The subbundles Vi , V 2 are the foliations of TM by the fibers of P2,Pi, re- 
spectively, and TM has a multi-foliate structure [TQl [14] that consists of the 
diagram of foliations 

{0} = Vi n V 2 Vi © V 2 = V c TIM, (2.7) 

\ V 2 / 

where the arrows are inclusions; it will be called the vertical multi-foliation. 

We denote by x(TM),x w (TM),Xa(TM) ( a = M) the spaces of all vector 
fields and of vector fields in V, Vj., Va, respectively The fiber- wise infinitesimal 
homotheties, called Euler vector fields are given by 

On %M \ {0}, where {0} denotes the zero section, £ ^ and 8 is a transversal 
vector field of the codimension-one foliation defined by ev = const. 

Proposition 2.1. The vertical leaves oflM have a natural structure of para- 
Hermitian vector spaces. 

Proof. We refer to [5] for para-Hermitian geometry. The last isomorphism (12. 6[) 
transfers the metric g and 2-form uj given by (jl.l[) to a metric and a 2-form on 
V, also denoted by g,u>, given by 

g(X,X') = ±(Qv l +CiV% w(X,30 = |(Ci^ - CV) (X,X' G V), 

where the coordinates are like in (|2.2[) (the coordinate characterization of V is 
= 0). The musical isomorphism b g yields isomorphisms V2 w V*,Vi « V|. 
On the other hand, (|2.5I) defines a product structure Fy on the leaves of V, with 
Vi, V 2 as ±l-eigenbundles and it is easy to see that [g, Fy) is a para-Hermitian 
structure on the leaves with to as fundamental form. Since the leaves of V are 
vector spaces, we are done. □ 

Proposition 2.2. The big tangent manifold %M is endowed with canonical 
tensor fields w, P, Q, S, where w is a presymplectic form of rank 2m, P is 
a Poisson bivector field, Q is a symmetric 2-contravariant tensor field and S 
is a 2-nilpotent structure. Furthermore, the triple (S, P, Q) has the following 
properties: 

1) rank S — m, ker S — im$p — imjjg, 

2) Bp ob Q =tt Q ob P , tt Q ob P o5 = -S, 

where flats are the inverses of the isomorphisms onto the image of sharps. 

Proof. We take w to be the pullback of the canonical symplectic form of T*M 
by p 2 , i.e., locally, 

uj = dX = —dx l A dzi, A = Zidx 1 ; 
w is closed and has rank 2m. 
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The inverse of 2uj along the para-Hermitian leaves of V yields the bivector 
field 

oy l dz l 

which is a regular Poisson structure of rank 2m. The symplectic leaves of P are 
the leaves of the vertical foliation V. 

The inverse of 2g along the leaves of V yields the twice contravariant tensor 
field of rank 2m 

Q = W Q h <2 ' 10) 

Finally, we define 

S = $ P o\> m = dx l 

On the vector (|2.2p we get 

^=4' (2 - n) 

hence, rank S — m. We also get 

S 2 = 0, 5ojJ P = 0, b w oS = 0. (2.12) 

Recall that S is a 2-nilpotent structure if S 2 — 0, rank S = const, and the 
integrability condition 

7V S (X, X') = [SX, SX'} - S([SX, X'} + [X, S3?]) = (2.13) 

holds, which happens in our case. 

Properties 1) and 2) follow from the local expressions of the tensor fields. In 
properties 2) we refer to the isomorphisms 

Bp : T*1M/ker%p w imjJ P , (t Q : T*%M/ker$ Q w zmtfq, 

the flats are the inverses of these isomorphisms and the composition makes sense 
because of the equality of the kernels. □ 

Remark 2.1. Properties 1) are equivalent with 

1') rank P = rank Q = 2m, ker flp = ker Uq = im t S. 

Notice the following relations 

L £ X = A, L £ zu = w, UpA = 0, $ G d(ev) = £, L £ P = -2P, L £ Q = -2Q 

and the 2-contravariant tensor field 

tf-5« +p >-£»s;- (2 ' 14) 

Proposition 2.3. ^4 6z_g tangent manifold TAf is endowed with two canonical, 
generalized, 2-nilpotent structures. 
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Proof. We refer to [33] for the notion of a generalized 2-nilpotent structure. 
The structures required by the proposition are given by the endomorphisms 
Sp, 5 ro : TIM — > TTM with the matrix representation 

where the index t denotes transposition. Properties (12.12)) show that these 
are generalized almost 2-nilpotent structures. The structures are integrable 
since the Courant-Nijenhuis tensors of Sp, S^, which are defined by a formula 
similar to (|2 . 1 3[) where the arguments are cross sections of TTM, the brackets 
are Courant brackets and S is replaced by Sp,S m , vanish (it suffices to check 
on the natural bases). □ 

Now, we will discuss lifting procedures that extend those used for usual 
tangent bundles. A cross section 

(X = eJ^L,a= aidx 1 ) € TTM 
ox 1 

has a generalized moment defined by 

kx,a)(x,y,z) =a(y)+z(X) = a i y i + z£\ (2.15) 

which together with the functions p* f (/ G C°°(M)) functionally generate 
C°°{%M). 

Proposition 2.4. For any point x £ M , there exists a canonical isomorphism 
v : T X M -> V [XtVtZ) C T (x ^ z) (%M). 

Proof. The vector v(X, a), also denoted (X v , a"), will be called the vertical lift, 
and it is defined by the directional derivatives 

(X\a v )(p*f) = 0, (X v ,a v )(l(Y^) = a(Y) + p(X). 

In local coordinates we get 

d d 
(X v ,a v )=e— i +a t — . 

oy l ozi 

Obviously, the vertical lift is an isomorphism onto the vertical space. □ 

Remark 2.2. 1. We will denote (X v , V ) = X v , (0 V , a v ) = a v . 2. The vertical 
lift satisfies the property 

[(X v ,a v ),(Y v ,n} = 0- 

3. Using the vertical lift we get S3L — (p*3t) v . 4. The vertical lift leads to 
push-forward homomorphisms 

q' : T^ y>z) 1M -> T X M, q" : %^ z) 1M -». T*M, 
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where 

a(q'a) = a{a v ), q"a(X) = a(X v ), 
X e T X M, a S T*M. For a given by fl%3) . we have 

and the following relations hold 

$ Ga = (q' a y + ( q " a y,( q "ay = u(a), 

where U is (|2.14l) seen as the homomorphism o i(a)U (contraction on the first 
index of U). 5. The vertical lift extends to tensors like in the case of the usual 
tangent bundle, but, here, it always leads to completely contravariant tensors. 

Proposition 2.5. For any manifold M , there exists a canonical injection c : 
x(M) — > x(TAf), which is compatible with the flows. 

Proof. Like in the case of TM, we define the required injection c(X) = X c , 
called complete lift, by the directional derivatives 

X c (p*f) =P*(Xf), X c (l df ) = l d(xf) , X c (l Y ) = l [XtY \, (2.16) 

where / £ C°°(M) and x(M). By means of local coordinates, if X = 

C(d/dx l ), then, 



d_ jd€__d__ d& d 

dx l ^ dxJ dy l 3 dx % dz 



V = C— + U' 77~T Ti~7 ~ *i A — • (2-17) 



This formula shows that c is an injection and that X c is protectable by the three 
projections p,pi,p2- 

A diffcomorphism $ of M lifts to TM acting by ■!>* on y and by <£> -1 * on z, 
and a left action of a group G on M lifts to a left action on 1M. Calculations 
similar to those for the tangent bundle show that the flow exp(tX) lifts to 
the flow exp(tX c ), where X c is given by (|2.17[) . which is the meaning of flow 
compatibility. □ 



Proposition 2.6. The complete lift has the following properties: 

g(X c ,a v ) = |(apO)", [X C ,Y V ] = [X,Y}», [X C ,Y C ] = [X,F] C , 
{fXy = f v X c + l df X v -l x (df)\ 

Proof. Use the formulas ([2~T6| and (|2~T7)) . □ 



(2.18) 



Remark 2.3. The last relation (|2.18[) tells us that the complete lift is not 
C°°(M)-linear, therefore, it does not extend well to higher order contravariant 
tensor fields. On the other hand, if needed, we may define complete lifts of 
covariant tensor fields as pullbacks of the complete lifts to TM by the projection 
Pi- 
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The defining formulas (|2.16p of the complete lift suggest natural lifts with 
respect to the projections pi,P2- Let 

be a vector field on the total space of the bundle TM that is projectable with 
respect to the vertical foliation. The space of functions C°° (TM) may be seen 
as locally, functionally spanned by functions of the type p*</s, ly where <p € 
C°°(TM), y = \ k (d/dy k ) is a vertical vector field on TM and ly = z k \ k . 

Definition 2.1. The extended lift X e of X to TAf is the vector field defined by 
the directional derivatives 

X e (p* 1 <p)=pUX<P), X e {ly) = l [x , y] (tp G C°°(TM)). (2.19) 

Conditions (|2.19l) are correct since X projectable implies that the bracket 
[X, y] is vertical. From (|2.19[) we get the local expression 



^ dx % ^ dy 1 J dy 1 dzi 



Similarly, if 



ox ozi 



is a vertically projectable vector field on the manifold T* M and if we use func- 
tions lz = y % $i where Z = 8i(d/dzi), we define 

Definition 2.2. The extended lift U e of U to 1M is the vector field defined by 
the directional derivatives 

U e (pW) =p2(U<p), W{l z ) = l [u , z] ^ e C°°(T*M)). 

The extended lift to TM is given by 



-^#7 + C*f. (2.21) 

ox 1 ozi ay 1 ozi 



Remark 2.4. The extended lift of the complete lift of a vector field of M to 
TM is the complete lift to TM. 

Remark 2.5. The extended lift may be extended to a lift of a projectable cross 
section of the bundle p± 1 (TM), respectively p^ 1 (T*M), to a vector field on 
TM. The vertical bundle of the pullback is the pullback of the vertical bundle of 
TM, T*M, respectively, the Lie brackets are calculated as if the coordinates Zi, 
respectively y l , were parameters, and a cross section of the pullback is projectable 
if the Lie brackets with vertical cross sections are again vertical. The local ex- 
pressions ([230]) . (EOT) remain valid, but, in ([230]) . f = C(x, z), rf = rf(x, y, z) 
and, in fl2H]), f = C(x, y),Q = Q(x, y, z). 
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3 The G-structure theory framework 



G-structures are reductions of the structure group of the tangent bundle of 
a manifold to a subgroup G C Gl(n,M), and G-structure theory is a general 
framework to study geometry on manifolds, e.g., [2J. 

The coordinate transformations (|2.1[) may be interpreted as telling us that 
TM has an integrable G-structure where G is the following linear subgroup 



G = Bt(3m,R) 



I A B C \ 

OA 
v 'A -1 y 



, A e GZ(m, R). 



Accordingly, a 3m-dimensional manifold iV with a Bt(3m, Restructure is to be 
seen as an almost big-tangent manifold. A characterization of such structures is 
given in the following proposition. 

Proposition 3.1. Let N be a 3m- dimensional differ entiable manifold. An 
almost big-tangent structure on N is equivalent with a triple of tensor fields 
(S,P,Q), where S is of type (1, 1), P and Q are of type (2,0), P is skew sym- 
metric and Q is symmetric, and these tensor fields satisfy the properties 1), 2) 
of Proposition \2.2\ 



Proof. Seen as a G-structure, the almost big-tangent structure is a bundle of 
frames (seen as one-line matrices of vectors) with frame changes in Bt(3m, R) 
and such a frame is of the form (cij, b$, c l ) (i = 1, m). If we define 

Sen = bi, Sh = 0, Sc l = 0, P = bi A c\ Q = biQ c\ 

we get global tensor fields that have the required properties. 

Conversely, if we have (S,P,Q), we may look at tangent frames (a^k^c 1 ) 
such that bi 6 imS and Sai = bi, then, define c l as follows. Take the non 
degenerate metric g defined on the subbundle V = im Uq C TN by 

ff (2),2)') =<b Q 2),2)' >• 

The metric g is para-Hermitian on V with the paracomplex structure tensor 
4> — Hq ° bp an d V is the +l-eigenbundle of <j>. Accordingly, g(bi,bj) — 0, and 
there exist vectors c 1 such that 

g(?,E>) = 0,g(bi,ci) = Si. (3.1) 

Finally, define d = (l/2)(c l — 4>c l ). These vectors still satisfy p.l[) and yield 
a basis of the — 1-eigenbundle of <j>, while b{ is a basis of the +l-eigenbundlc. 
Now, we see that, if bi change by A € Gl(m, R), c 1 change by t A~ 1 and the 
whole basis changes by an element of Bt(3m, R). □ 

Definition 3.1. An almost big-tangent structure (S,P,Q) is quasi-integrable 
and called a quasi-big-tangent structure if there exists a canonical atlas of local 
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coordinates (x l ,y l ,Zi) (i — 1, m) such that the coordinate expressions of the 
tensors S and P are (12. and (|2.9p . respectively, and the structure is called 
integrable or big-tangent if it is quasi- integrable and Q has the expression (|2.10[) . 



Proposition 3.2. The Jacobian matrix of a coordinate transformation between 
maps of the canonical atlas of a quasi-big-tangent structure (S, P, Q) is of the 
form 

dy* 

O.rJ 



t 



dx' 

O.rJ 



()-;, 



and Q is of the form 



•A 

dy 1 






i) 



— 



dx 
dy' 



dx j - 



_d_ 

dyi dy 1 







d 



dzi 

If the structure is integrable, one also has djji/dzj = 0. 

Proof. Let (x l ,y l ,Zi), (x l ,y l ,Zi) be two maps of the canonical atlas. Since 
imS = span{d/dy 1 } = span{d/dy 1 }, we get dx l /dyi = dzi/dyi = 0. Further- 
more, from S{d/dx l ) = d/dy\ S(d/dx l ) = d/dy\S{d/dz t ) = S{d/d Zi ) = 0, we 
get dx 1 /dzj = and dy 1 jdyi — dx 1 /dx 1 . Then, 

d d d d 



P 



dy i A dzi dy 1 A dz^ 



implies dzi/dzj = dx 1 /dx 1 and the Jacobian matrix has the required form. 
Furthermore, if we take a general, local expression of Q and ask properties 1), 
2) of Proposition 12.21 to hold, we get the required expression of Q. The last 
assertion of the proposition holds because Q has the canonical expression in 



both maps iff dy 1 /dzj = 0. 



□ 



We recall that, separately, P is integrable if the Schouten-Nijenhuis bracket 
is [P, P] = 0, which is equivalent with the fact that P defines a Poisson bracket. 
If this happens, im ftp is an integrable, generalized distribution with symplec- 
tic leaves. The converse is also true if the leaf- wise Hamiltonian fields of 
diffcrcntiablc functions are differentiable on the manifold. In particular, if 
rank P — const., P is integrable iff imP is a foliation and P has the expression 



On the other hand, the almost 2-nilpotent structure S, S 2 = 0, rank S = 
const, is said to be integrable if the Nijenhuis tensor is ATs — 0. This situation 
is characterized by 

Proposition 3.3. A 2-nilpotent structure S of rank p on a manifold N 2q+P is 
integrable iff E = imS is a foliation, and there are local coordinates (t h ,x u ,y u ), 
(h = l,...,p, u — l,...,q) and independent, E-projectable, local vector fields Th 
such that 

d d d 
S— = — , S— = 0, ST h = 0. (3.2) 

dx u dy u dy u y ' 
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Proof. Formula (|3.2j) shows that E is a foliation. Then, E'-projectability of Th 
means that E is preserved by the infinitesimal transformations Th and we get 
Ms — 0. Conversely, Ms = implies the integrability of E. Put E' = kerS. 
Since imS C £" and Ms(U,Z) = —S[SU,Z] whenever Z e J5', the annulation 
of Afs gives Z] e T£". Hence, if S is integrable, is an i?-projectable 
distribution and, following [TH], TN has local bases of the following form 

— T - 9 I .V» 9 Y - 9 i „« 9 

where (t h ,x u ,s u ) are local coordinates on M, (d/ds u ) is a basis of £7 and 
(d/ds u ,T h ) is a basis of E'. Then, 5X„ = S^/dx 11 ) and M s = gives 
\S(d/dx u ), S(d/dx v )} = 0. This commutation property of vector fields tan- 
gent to the leaves of E allows us to change the coordinates s u along the leaves 
of E by new coordinates y u such that S(d/dx u ) — d/dy u . □ 

Now, we come back to the integrability of a big-tangent structure and prove 
the following result. 

Proposition 3.4. The almost big-tangent structure (S, P, Q) is quasi-integrable 
iff the structures S and P are integrable and the P -Hamiltonian vector fields 
preserve S, i.e., 

N s = 0, [P,P] = 0, L tpdf S = (/ e C°°(N)). (3.3) 

The same structure is integrable iff it satisfies h3.3\) and there exists a P- 
Lagrangian, Q-isotropic, integrable distribution A such that ker S = imS® A. 



Proof. By definition, quasi- integrability implies (|3.3[) . Conversely assume that 
(|3.3[) holds. Properties 1), 2) of Proposition l2~2l show that imS is a Lagrangian 
subfoliation of the symplectic foliation of P, where the tangent spaces of the 
leaves are ker S. Then, a well known result of symplectic geometry (e..g., the 
Caratheodory-Jacobi-Lie theoreml7.2 in [11]) tells us that there exists an atlas 
with local coordinates (x l ,q l ,pi) such that 

d Odd d 

imS = span{ — }, P = — A — , S— = 0, S— = 0. 

oq 1 oq 1 dpi oq % dpi 

Accordingly, there are local, independent, vector fields X{ — ^(d/dx^) such 
that SXi — d/dq % and the last condition Q3.3P implies £f = ^j(x). Then, we 
have S(d/dx l ) = rr\ {x){d/ 'dqi), where &rf k = 8 l k , and Ms — implies that the 
vector fields S{d/dx l ) commute. Accordingly, there exist new local coordinates 
y l = y l (x, q) along the leaves of im S such that S{d/dx l ) — d/dy l . If we extend 
our change of coordinates by the transformation = 77^ (x)pj , we still have 
P = (d/dy l ) A (d/dzi) and we see that the structure is quasi-integrable. 

For the integrable case, what we meant by P-Lagrangian and Q-isotropic is 

<\> P Zx,Z 2 >=Q, <\> Q Z 1 ,Z 2 >=Q, VZ 1 ,Z 2 eA. 
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If the structure is integrable, we may take A = span{d/dzi}. Conversely, by 
the conditions assumed for A, x 1 = const, along the leaves tangent to A and 
we may use the Caratheodory-Jacobi-Lie theorem along the symplectic leaves 
of P to get coordinates y % , Zi on them, such that P still has the canonical form, 
while Zi are coordinates along the leaves of A. Moreover, like in the ending 
argument of the quasi-integrability part of the proof, we can arrange all the 
coordinates such that both P and S preserve the canonical form. Finally, if we 
ask Q-isotropy of span{d/dzi} for Q given by Proposition 13. 2[ we get Q u = 
and we are done. □ 

Remark 3.1. The coordinate transformations of the canonical atlas of an in- 
tegrable structure (S,P,Q) are not exactly (I2.1[) . The Jacobian matrix shown 
in Proposition 13.21 shows that they are of the form 

dx 1 Ox 3 
x 1 = i l (V ), f = — y 3 + <p\x), z t = — Zj + ipi(x). 

These formulas show a locally afhne structure on the symplectic leaves of P. 
The obstructions for an integrable big-tangent manifold to actually be the big 
tangent manifold 1M of a given manifold M are given by the more general 
theory developed in [17] , 



4 Horizontal bundles and Bott connections 

Like for the usual tangent bundle and like in foliation theory, the geometry of 
the manifold TM may be enhanced by the addition of a horizontal bundle 7i 
such that 

ttm = n®v = n®Vi®v 2 . (4.i) 

The first equality (|4.1[) produces a double grading of forms and multivectors; 
our convention is that bidegree or type (p, q) means ^-degree p and V-degree q. 
The exterior differential has the decomposition 

d = d{ m + d' ( ' 0>1) +0(2,-1), (4.2) 

where d" is the exterior differential along the leaves of V [TS]. The second 
equality (|4.ip . produces a double grading (r, s) (q — r + s) of the V-degree q, 
which corresponds to the terms Vi,V2- This leads to a further decomposition 
of the terms of (|4.2p . For instance, we get 

d = do, i,o + ^o,o,i- 

For a chosen H, a vector X S T X M has a horizontal lift X h defined by 
X h € 'H( x ^^),p*X h — X, and TIM has local canonical bases 

X - (—X - 8 t>. 9 d d d 

1 \ dx 1 J dx 1 1 dyi %3 dzj ' dy % ' dzi ' 
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where t,T are local functions of (x,y, z). The corresponding dual bases are 



dx\ 9 l = dy i + t^dx 3 , n t = dz t + T ij dx i . (4.3) 
A change of coordinates (|2.1I) implies the following transformation formulas 

(4.4) 

ft _ dx z dx k ,h dx k d 2 x z I ~ _ dx h dx k d 2 x h 
L j ~~ dx h dxi L k dxJ dx l dx k U ' ' l l ~ dx l dxi 1 hk dx*d& 

Proposition 4.1. Any horizontal bundle on TM has a canonical lift to a hori- 
zontal bundle on TM. Any horizontal bundle on the cotangent bundle T* M has 
a canonical lift to a horizontal bundle on TM. 

Proof. In both cases, the horizontal bundle of TM is spanned by the extended 
lifts of the projectable, horizontal vector fields of TM, respectively, T*M . If 
the basis of the horizontal lift of TM is djdx % — tj(x, y)(d / 'dyi), then, formula 
(|2.20p gives the following horizontal basis of the canonical lift 

d -a 0tf d 
dx l 1 dyi dyi dzj 

Similarly, if the horizontal basis on T*M is d/dx l — Tij(x, z)(d/dzj), then, for- 
mula (|2.2ip gives the following horizontal basis of the canonical lift 

d dr ih d d 

Zh 



dx l dzj dyi dz 



Alternatively, as indicated in Remark 1 2. 51 instead of using the extended lift 
we may use extensions from the pullback bundles to T. This implies that if 
coefficients t\ satisfying (|4.4[> are known, the formula 

dt h 

Uj = -z h ^- (4.5) 

yields coefficients that satisfy (|4.4j) . hence, we get a horizontal bundle on 
TM. Similarly, if we have the coefficients Ty the formula 

< = (4.6) 

completes the construction of a horizontal bundle. □ 

Remark 4.1. In a different terminology (e.g., [3]), H is called a non-linear con- 
nection, t, t are called the connection coefficients and there exists an equivalent 
covariant derivative : r(p _1 (TM)) -> r(p _1 (TM)) (X € TM), which has 
the local expression 
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Example 4.1. Let T be an arbitrary linear connection on M with local connec- 
tion coefficients Tj k . Then, the tangent vectors of the paths defined in IM by 
parallel translation of the vector y and of the covector z along paths through x in 
M span a complement T-Li x ,y,z) °f V(x,y,z)- The horizontal distribution obtained 
in this way has the local bases 



The coefficients of this connection are related by (|4.5[) and (|4.6I) simultaneously. 

Example 4.2. We recall the following classical construction on TM [5j[T3]. A 
vector field 

is of the second order because it is locally equivalent with a system of second or- 
der, ordinary, differential equations on M. For any second order vector field X, 
the (l,l)-tensor field LxStm is an almost product structure ((LxStm) 2 — 
Id) with the +l-cigcnbundle equal to the vertical bundle. Hence, the — 1- 
eigenbundle is a horizontal bundle Hx- 

Let C G C°°(TM) be a function with a non degenerate Hessian matrix 
(d £/dy l dy :> ), called a regular Lagrangian. Then, the equation i(Tjr)6 = —d£, 
where 

= d-d, d = dC o S TM = ^~dx\ £ = y 1 ^- - C, 

oy l ay 1 

defines a second order vector field Fc, therefore, a corresponding horizontal 
bundle Hvr. on TM. The extended lift of TLr c given by Proposition 14.11 is a 
horizontal bundle He on %M. Notice that the field Tc itself is not foliated, 
hence, it does not have an extended lift. 

We can give a TM-version of the notion of a second order vector field of 
Example 14.21 and say that the vector field (I2.2[) is of the second order if SX = £\, 
where £\ is defined in (|2.8[) . equivalently, X has the local expression 

Proposition 4.2. For any second order vector field X on TAf, the tensor 
field Qx = L%S G End(T%M) satisfies the identity Q^, — Q% = 0. The — 1- 
eigenbundle of Qx is a horizontal bundle Mx with the local bases 

X t = — + -^— + ^ — . (4.10) 

1 dx l 2 dy l dyi dy l dzj 

Proof. Easy calculations show that the required identity holds on the natu- 
ral tangent basis defined by (x l ,y z ,Zi). In particular, Qx(d/dy l ) — d/dy l , 
Qx{d/dzi) — and V is the direct sum of the eigenspaces with eigenvalues 1,0 
of Qx- Hence, if we denote the — 1-eigenbundle by Hx, the latter is horizontal. 
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The local coordinate computation of QxX 1 shows that X' is a — 1-eigenvector iff 
it is of the form 




therefore, the horizontal lifts of d/dx l , are ([4.101) . 



□ 



Remark 4.2. For any choice of a horizontal bundle H on TM, the vector field 
X = j/Xi, where X, is the horizontal lift of d/dx l , is the unique, "H-horizontal, 
second order vector field. 

Remark 4.3. The transformation formulas (|2.4[) allow us to check that, if (14.81) 
is a second order vector field (or, more generally, a cross section of pj" 1 (T(TM)), 
i.e., the coefficients rj 1 also depend on the "parameters" Zj), it has a canonical 
extension to a second order vector field on TM, which is given by 



Remark 4.4. On both TM and %M, the set Q(TM), respectively Q(TM), 
of second order vector fields is closed under convex linear combinations and its 
geometric interpretation is that of the set of global cross sections of an affine 
fiber bundle modeled over the vertical vector bundle. In fact, this is an affine 
subbundle of the affine tangent bundle of the manifold TM, respectively IM [5]. 
The points of the affine fibers are vectors of the form (|4.8[) . respectively (|4.9[) . 
where the first term is the origin and the two other terms define the vector from 
the origin to the point X. The coefficients rf, Q are fiber- wise affine coordinates. 

Remark 4.5. On 1M, we can also define a special class of 1-forms, namely, a 
1-form a will be Liouville-related if a o S is the Liouville form A. Then locally o 
looks as follows 



For the rest of this section we fix a horizontal bundle %. Then, foliation 
theory offers the following important linear connections. 

Definition 4.1. A connection with no mixed torsion or Bott connection is a 
linear connection on %M that preserves the subbundles T-L, V and its torsion Ty 
satisfies the condition T V (X, 2J) = 0, VX e H, 2J 6 V. 

The required torsion condition is equivalent to 




o = aidx 1 + Zidy 1 + j l dzi. 



V£2J=prv[£,2J], V 2J X = pr w [2J,X] 



(4.11) 




(4.12) 
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If D is an arbitrary, linear connection on %M, the addition of the derivatives 

Vx#=pr n D x 3t, V s ,2)' = pr v D< s %' (X,X' G U, 2), 2}' G V) (4.13) 

to (|4.11[) defines a Bott connection V D = V. Following r , which traced back 
the history of this connection to a 1931 paper by G. Vranceanu [24] , we call V D 
a Vranceanu- Bott connection. Furthermore, if D has zero torsion, W D has the 
torsion 

T v r>(3i,32) = -pr3j[prw3i,prw32] 

(4.14) 

= -i?«(3i,3 2 ), 3i,3 2 ex(TM). 

R-H is called the Ehressmann curvature of the non- linear connection %. 

Definition 4.2. A connection with no multi-mixed torsion on IM is a Bott con- 
nection V that also preserves the subbundles V\ , V 2 and satisfies the condition 
T v (X a ,2) a ') = 0, where a, a' € {1,2}, a' = a + 1 (mod. 2) and X Q ,2J a G V a . 

The new torsion condition of Definition 14.21 is equivalent to 

VxJD a >=prv a ,[X*M- (4.15) 

Notice that for a V-projectable vector field X, the first equation (|4.12p becomes 
Vs2) = prv B [£,©«]. " 

Proposition 4.3. On TAf, i/iere exists a canonical connection V roit/t no multi- 
mixed torsion, which depends only on the horizontal bundle H and such that, 
along the leaves of the foliations V\, V2, V, this is the flat connection of the affine 
structure of the leaves. 

Proof. Consider the isomorphism S = S\u '■ H — > Vi and the transposed iso- 
morphism f S : V 2 -> n* (remember that V 2 « Vf). Then, add to (j4~TT|) and 
(|4.15p the following covariant derivatives 

V3 E 3£' = 5- 1 pr Vl [3£ ) 53E / ],V„ 1 ?)i = 5prw[?)i,5- 1 3)i], , s 

(4.16) 

Vg a !& = ('$)- WW'^Ba). 

VX,X' G ra,3) a ,2)l G TV a and pr K . is defined by means of (|4TTJ) . The result 
is a linear connection on TM, which depends only on "H. The affine structure 
of the leaves of Vi , V 2 , V is shown by the coordinate transformations (|2.ip and 
it is easy to see that the parallel vector fields of this structure are 2)^ G Vi such 
that <S — 1 2)' 1 is projectable, 2) 2 G V 2 such that <S2J' 2 is projectable and sums of 
such vector fields, respectively. Then, (|4.16[) implies V^O^ = 0, V;g 2 2) 2 = 
and (|4.15[) implies ^xJQ'a' = (the last conclusion follows by using a parallel 
extension of the point- value of X a , which leads to vanishing brackets in the right 
hand side of (|4~T51 ). □ 

Any linear connection D on IM has a well defined deformation into a con- 
nection X7 D with no multi-mixed torsion, which is obtained by adding to (|4. 
and (|4.15[) the first equation (|4.13l) and the derivatives 

V£ a 2J a =pr Va D Xa Z) a . (4.17) 
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Generally, V D ^ V D . If D has no torsion, the torsion of V D is still given by 
(14141) . 

We also recall the following notion from foliation theory 

Definition 4.3. A Bott connection V is said to be projectable if for any two 
projectable, horizontal vector fields X, X', VjeX' is projectable. 

Example 4.3. If T~L is the horizontal space defined in Example 14.11 then, the 
corresponding canonical connection given by Proposition ^. 31 is projectable. The 
result follows by applying the first formula (|4.16[) to the vector fields (|4.7p . 

Concerning curvature, we can extend results from foliation theory and we 
have 

Proposition 4.4. The curvature i?v °f a connection V without mixed torsion 
has the following properties 

4.18 

i?v(X,X')2) = T v (21,i?w(X,X')) - Va,(i?«(X,X')), 

where X, X' G % 1 2), 2)' € V, Ru is the Ehressmann curvature of H and the 
right hand sides are computed by using projectable fields Xi , X2 . //V has no 
multi-mixed torsion one also has 

RvVDaMVa- =0, (4.19) 

where the indices are like in 15\j and 2) a G V a . 

Proof. Since only the point- wise values of the arguments count, we get (|4.18[) 
from (|4.12p by assuming that X is V-projectable. Similarly, we get (14.191) from 
(|4.15p by assuming that 2) a ' is V a - project able. □ 

Corollary 4.1. For a projectable connection one has i?v(2)>X)X' = 0. 

Proof. The result follows from the second formula (|4.18l) . □ 

Proposition 4.5. The curvature of the Vrdnceanu-Bott connection V 13 , where 
D is a torsionless linear connection on %M , also has the following properties 

R v d (2), X)X' = i?v(?), X')X, 
R v d(X, X')2J = V^(T v d (X, X')), 

£c»c!(x,s',*«) V *')£" = 0, (4.20) 

i? vD (X,2J)2}' = i? vD (X,2J')2), 

where all X G % farad projectable when needed) and all 2J G V. T7ie same 
properties hold for the connection with no multi-mixed torsion V 15 defined by the 
torsionless connection D. In particular, for \7 D we have (2J a , 2)^)2) = 0, 
V2J a GV a ,2)GV, a = 1,2. 
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Proof. The first and second formulas (j4.20j) are a consequence of (14. 18)) and of 
the expression (|4.14[) of the torsion. The three other formulas follow from (|4. 14[) 
and the Bianchi identity ([5], vol. I) 

[#v D C*, - T{T(X, X'), X") - (V X T)(X', X")] = 0. 

Cycl(X,X'X") 

We give some details for the case where all the arguments are horizontal, while 
assuming that they also are projectable. Then, the first torsion term of the 
Bianchi formula vanishes since its first argument is vertical and the second 
is horizontal. If we use projectable vector fields X, X',X", the second torsion 
term of the Bianchi formula must be vertical and, since the curvature term 
is horizontal, we are done. The same properties hold for the connection 
because it has the same torsion like V D . The last assertion of the proposition 
follows by using the fourth relation (|4T2U1) for %),%)' G V a ,2)" 6 V a < and by 
decomposing 2) into its V a -components. □ 



5 Metrics and double fields 

The general, local expression of a pseudo-Riemannian metric on the big-tangent 
manifold TAf is 

g = 1 g l jdx l dx 3 + 2 g l] dx % dy j + z g\dx % dzj 

+ 4 9*jdy i dy j + 5 g 3 l dy i dzj + 6 g ij dzi dzj, 

where the coefficients 1 g, 4 g, 6 g are symmetric. 

Besides, we will always assume that the metric has a non degenerate restric- 
tion to the vertical bundle V, which implies that the orthogonal bundle H B _L B V 
is a horizontal bundle and g\fi is non degenerate too. Hereafter, always, in the 
presence of a metric, we will use the horizontal bundle W = 'H g . 

Example 5.1. The formula 

s = g %j dx l dx J + gtjDy 1 Dy j + g ZJ Dzi Dzj, 

where g is a pseudo-Riemannian metric on M , D is the Levi-Civita connection 
of g and Dyi , Dzi are the usual expressions of the covariant differential of a 
contravariant and covariant vector field, respectively, defines a metric on SM , 
which is non degenerate on V and will be called the Sasaki metric. 

Example 5.2. Let g be a pseudo-Riemannian metric on M, H an arbitrary 
horizontal bundle and (dx 1 , l , Kj) the corresponding cobasis (|4.3() . Then, the 
formula 

= gijdx 1 dx J + g l2 Q l 9 j + g lj m Kj 

defines a metric on ZM, which is non degenerate on V and will be called a 
Sasaki-type metric. In particular, if = d 2 £/dy l dy : ', where £ is a regular 
Lagrangian, we get a metric Qc- 
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We recall the following result of foliation theory JTS] [TB] : 

Proposition 5.1. Let D be the Levi-Civita connection of g. The corresponding 
Vrdnceanu-Bott connection V s defined by ft4-13\ ) is the unique connection such 
that: i) the subbundles % and V are preserved ii) parallel translations along 
curves that are tangent to either % or V preserve the restriction of Q to H,V, 
respectively, Hi) the restrictions of the torsion to Ti and V take values in V and 
%, respectively. 

Proof. The meaning of the properties i), ii), hi) is 

V^?X G $j, V^2J G 93, for 3 G x(XA/), X G H, 2J £ V, 

Vf 0(0), 3) = 0, if X, 2J,3 g W or X, 2), 3 6 V, 

pr u T v o (X, 2J) = if X, 2) £ H, pr v T v o (X, 2J) = if X, 2) 6 V. 

All these equalities follow from the definition of \7 D and of the Levi-Civita 
connection D . Conversely, if the previous equalities hold, the trick that gives 
the global expression of the Levi-Civita connection (e.g., [5], vol. I) yields 

0(V?2), 3) = BiprnDxV, 3), fl(V£2J, 3) = Q( P r v D x V), 3), 

where all the arguments belong to H in the hrst case and to V in the second 
case, whence, the required result. □ 

Notice that the restriction of V D to the leaves of V is the Levi-Civita con- 
nection of the leaves. The connection \7 D above will be called the canonical 
connection of fj on %M. 

The canonical connection does not preserve the subbundles Vi, V 2 . Instead, 
the latter are preserved by the corresponding connection (|4.17j) , which may also 
be written as 

V£ii = V?il, V£ a 2) a =pr Va V£ a 2) a , Vf a 2) a , = pr v jX a ,% a ,}, (5.1) 

where at least one of the vector fields 3,il is horizontal and a, a' £ {1,2}, 
a' = a + l(mod. 2). 

The torsion and curvature of the canonical connection V D satisfy the for- 
mulas (|4.14p , (|4.18l) and (|4.20p and these imply corresponding properties for the 
covariant curvature tensor 

-Rv D (3i, 32, 33>34) = 9(Rv D (33, 34)32, 3i), 

particularly, 

Rv D (3i, 32, 33, 34) = — -Rv°(3i,32,34,33), 

J2cycl(l,2,3) R V D (3, Xi, X 2 , X3) = 0, 

where X are horizontal vectors, 2) are vertical vectors and 3 are arbitrary vec- 
tors.) 
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For other identities one needs a horizontal tensor C called the Cartan tensor 
(a name suggested by Finsler geometry). This tensor is defined by [20] 

C(£i, X 2 , £ 3 ) = (Lsx 1 g)(%2, X 3 ) = {^sx 1 9)(^2,X 3 ), 

where g — q\u is a horizontal metric extended by on vertical arguments. The 
local components of C are 

Cijk = C(Xi, Xj, Xk) = , 

whence, we deduce that C = iff g is a projectable metric and C is totally 
symmetric iff, locally (but, possibly, not globally), g is the Hessian of a function 
"in the direction of Vi". 

The following curvature identities may be proven like in |20) : 

i?v D 3^2) X3, X4) + R\j d (^2, Xi, X3, X4) 

= —C(S 1 Tvd (X3, X4), Xi, X2), 

R\jd (Xi, X2, X3, X4) — (X3, X4, Xi, X2) 

= \[C(S x T v d (Xi, X2), X3, X4) — C(iS^ 1 T V £)(X3, X4), Xi, X2)]. 

Corollary 5.1. If either the horizontal component of the metric g is projectable 
or the horizontal bundle is integrable, the restriction of the curvature of V D to 
horizontal arguments satisfies the Riemannian curvature identities. 

Proof. The first case is characterized by C — and the second case by T v d = 
0. □ 

Definition 5.1. A non degenerate metric gy on the vertical bundle V is called 
a vertical metric on %M. A vertical metric that has a non degenerate restriction 
to V2 is called strongly non degenerat^. 

If non degenerate (which was assumed), the restriction to V of a pseudo- 
Riemannian metric of IM is a vertical metric. Conversely, any choice of a 
horizontal bundle H with a metric q-h allows us to extend the vertical metric 
gv to the metric = flw + flv- 

Hereafter, all the vertical metrics arc assumed strongly non degenerate. 

In this section we will discuss vertical metrics that are compatible with the 
para-Hermitian metric of V, where the compatibility condition is like in |23j and 
comes from generalized Riemannian metrics [7]. The results too are based on 
these sources. 

It is convenient to use V ~ Vi © Vj" and, correspondingly, write vertical 
vectors as pairs (2), a), where 2) is the Vi-component and a G Vj" is the image 
of the "IVcomponent. Then, the restrictions h = gvlvixVn^ = 0v|v 2 xv 2 :' — 
0v|vi xv 2 appear as tensors of type (0, 2), (1, 1), (2, 0) of the bundle Vi. 



lr The choice of V2 rather than Vi in this definition is geometrically more convenient, but 
it is not essential. In any case, there is no reason to ask for both restrictions to be non 
degenerate. 
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Remark 5.1. The strong non degeneracy condition means that k is non de- 
generate and there exists a Legendre-type involution on IM given by 

(x,y,z) h-> (x,Uz,b k y). 

Example 5.3. Let K be a function in C°°(1M). HessK.(3, 3') - 3'3/C, 3, 3' € 
V restricted to V\ x Vi, V2 x V2, Vi x V2 yields tensor fields h,l,k. Thus, if the 
Hessian is non degenerate, it defines a vertical metric, which is strongly non 
degenerate if k is non degenerate. Moreover, if we chose a horizontal bundle % 
and transfer k to % by (S 1 ^) -1 we obtain a metric of IM associated to the 
function K,. 

Consider the endomorphism <f> G End(V) defined by 

2 5 (03, 3') = flv(3, 3'), 3 o (2J, o),3' o (2)', a') G V, (5.2) 

where g is the para-Hermitian metric of V. The symmetry of gy implies the 
property 

3(^3,3') =3(3,03')- (5-3) 
From (|5.2[) we get the following matrix representation of 





(5.4) 



I 

Definition 5.2. [7J The vertical metric gy is g-compatible if 2 = J<i. 
If </> 2 = Id and, with the same notation, (|5.2[) and (|5.3[) imply 

2 5 (3, 3') = gy (03, 3'), gy (03, 3') = gv(3, 03'). (5.5) 

In terms of h,l,k the condition </> 2 = Id means 

I 2 + h o b h = Id, 2 o % + o H = 0, b fe o I + H o b,, = 0. (5.6) 

Proposition 5.2. The strongly non degenerate, vertical g-compatible metrics gy 
are in a bijective correspondence with pairs (c, V>) where a is a non degenerate 
metric on V\ and ip G T A 2 Vj* . 

Proof. We proceed like in the case of generalized Riemannian metrics [7J. By 
(|5.2p . instead of looking at gy, we may look at the corresponding <f) G EndiV), 
then, define the corresponding pair bj|j 

(7 = , b,/, = — bo- O I 

(the skew symmetry of "0 follows from (15. 6[1 ). Conversely, given a pair ((7,-0), if 
we take 

fc = o-- 1 ,1 = -ft CT b^, b fc = b CT o (Id - (fl^) 2 ), (5.7) 
we get the endomorphism <f> and the required metric gy. □ 



2 In fact, a is the covariant version of k but, we prefer to use the new symbol to avoid any 
possible confusion. 
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Remark 5.2. A vertical metric gv may be interpreted as a metric on the vector 
bundle p _1 (TAf) w V and the tensors a, ip may be interpreted as tensors of the 
vector bundle p~ x (TM) « V x . 

Proposition 5.3. Lei £Y± C V be the (±l)-eigenbundles of the product struc- 
ture cj> that defines a compatible metric gv- Then, _L flv the projections 
P r Vi \u± '■ U± — > Vi defined by the decomposition V = Vi © Vi are isomorphisms, 
and the corresponding pullbacks of the metric a are equal to (l/2)jjv|w±- 

Proof. We follow [53]. The first conclusion is a consequence of (|5.5p . For the 
second, we first show that U± D V2 = 0. Indeed, if 2) G W± Pi V2, then, 

g v (2},3) = 2g(</)2),3) = ±2g(2),3) = 0, V3 £ V 2 , 

because V2 is g-isotropic. Since gv is strongly non degenerate, we deduce 2) = 0. 
Together with the orthogonality between 1A±, this result implies ranklA± = m, 
therefore, V2 © U± = V and pr^ i \u± ■ U± — V V\ are isomorphisms with inverses, 
say, i± . The expression of t± was established in [71 [23] and is given by 

t±2) = (?), bfcO T W)?J) = (2), ± 

(2) G V\ and the pairs correspond to vertical vectors) . The last assertion of the 
proposition is a consequence of this expression. □ 

Remark 5.3. Similarly, one gets 

U+ ± g g\ u ± = ±{pr Vl )*a. 

On para-Hermitian manifolds, compatible, generalized, pseudo-Riemannian 
metrics may be seen as double fields, because of their similarity with the dou- 
ble fields of string theory (see [23] for details and references to string theory 
literature). This suggests the following definition, which, perhaps, will interest 
physicists. 

Definition 5.3. A double field over a manifold M is a pair ("H,gv) where H is 
a horizontal bundle on IM and gv is a compatible metric on V. 

By Proposition 15.21 double fields over M are in a bijective correspondence 
with triples (H, a, ip) where a is a non degenerate metric on p~ l {TM) « Vi and 
ip is a 2-form on the same bundle, a and ip are called the components of the 
field. 

Example 5.4. Let (M, 7) be a pseudo-Riemannian manifold. The Levi-Civita 
connection of 7 yields a horizontal bundle Hj defined by (|4.7p and (H 7 ,gv), 
where gv is a vertical, compatible metric is a double field over M. In particular, 
there exists a double field with the component a equal to the transfer of 7 to its 
isomorphic bundle p _1 (TM) and the form component ip = 0. The corresponding 
vertical metric is the vertical component of the Sasaki metric associated to 7 
and its Levi-Civita connection. 
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Example 5.5. Let £ be a regular Lagrangian on TM and let He, o~e be the hori- 
zontal bundle and the horizontal component of the metric Qe defined in Example 
15.21 (transferred to p -1 (TAf)). Furthermore, consider the 1-form § = dCoS and 
the corresponding 2-form d ,r &, where d! is defined by the decomposition (|4.2p 
associated to the horizontal bundle He- d'd transfers to a 2-form ipe on the 
bundle p~ x (TM) and the triple (He, ^e,^e) defines a double field over M that 
is canonically associated to the Lagrangian C. 

The use of double fields in physics requires an action functional deduced 
from physics requirements, particularly T-duality, which we do not discuss here. 
Instead, we will define an action that extends the one constructed for para- 
Hermitian manifolds in [23] , which was motivated by the geometry of the double 
fields theory of physics. 

Definition 5.4. A vertical, double metric connection is a connection on the 
vertical bundle V that preserves the para-Hermitian metric g and the double 
field metric gy. 

Proposition 5.4. A connection V v on V is a vertical double metric connection 
iff it preserves the subbundles IA± and their metrics (pr , v 1 )*T. 

Proof. By (|5.5[) . the preservation of the pair of metrics (g,Qv) is equivalent 
with the preservation of the pair (£jy,</>). Therefore, the eigenbundles U± and 
the metrics Qv\u± must be preserved too. □ 

Corollary 5.2. The connection V v is double metric iff it is expressible as 



The action of a double field over M will be defined by means of a canonical 
double metric connection obtained by adapting the construction given in |23] . 

Proposition 5.5. There exist invariant procedures to derive double metric con- 
nections from the horizontal bundle H and the components (a, ip) of a given 
double field. 

Proof. To prove the assertion, we give below one such procedure. We start by 
transferring the component metric a of the field to V2 ~ V* and to the horizontal 
bundle H ~ Vj.. By adding up the results we get a metric £<? on TM and there 
exists a corresponding connection V D given by (|5.1|) . where D" is the Levi- 
Civita connection of the metric Q a . The restriction = V^" |v a (3 £ x(TM)) 
yields a connection on Vi, which, for 3 € Vi, is just the Levi-Civita connection 
of a along the leaves tangent to Vi . The invariant transformation 




Proof. Obvious. 



□ 



(5.8) 
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where D'£ a G T© 2 Vj", yields a connection that preserves the metric a along any 
path (check by a calculation). Then, following Corollary 15.21 we get a double 
metric connection V° on V that corresponds to the pair (D°, D°). 

Now, we add a torsion defined by the field component ip and define a pair 
of connections on Vi by 

DffQi = D° 3 ^i ± \Ui®i)i(prvJ)d v ^} (2Ji 6 Vi), 

where dvi is the exterior differential along the leaves of Vi . The additional term 
is a vector in Vi and vanishes for 3 G V2- still preserve er under parallel 
translations along paths in the leaves of V\ . Then, we use transformations (|5.8p 
to change D to er-preserving connections D and introduce the double metric 
connection V on V, which corresponds to the pair by Corollarv l5.2l □ 

To follow the footsteps of physical double field theory, we have to use a 
connection that is related to the C-bracket of string theory literature. We will 
use the metric bracket on V used in (2TJ [23] . 

Definition 5.5. Let 0y be a vertical metric and V a 0y-metric connection on 
V. The operation Ay is defined by the formula 

0V0B.S)' Av 2)") = ^[flvGB'.Vg©") -0v(2J",V s ,2)')L 

where all the arguments are in V. The 0y-me£uc bracket is the bracket defined 
by the formula 

[2J',2J"] flv = - - 2)' A P o 2J". 

The name "metric bracket" comes from the following properties [3TJ [53] 
2}(flv(2)',?J")) = 0v([2),2)'] BV + |5rad flv ( fl v(2J,2J'),9J") 
+0v(2J', [fQ,n v + i 5 ™d Bv (0v(2},2}")) (5.9) 
[2J,/2J'] Bv = /[2J,2J'] flv + (2J/)2J' - i0 V (2),2)'W fl v /■ 

The metric bracket leads to new invariants of 0y-preserving connections V 

Definition 5.6. The bracket 

w,y']J v = [2j,y] BV + 2)A V y 

is the deformed Lie bracket. The vertical tensor field 

Tv(2J,y) = v ?) 2}' - v 2J ,?j - w,y']J v 

is the deformed torsion of V. The vertical tensor field 

rv(2},y,2J")-0v(T^(2),y),2J") 
is the Gualtieri torsion of V. 
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Proposition 5.6. // V is a Qy-metric connection and if we denote 



6(2), 2)') = VgSJ' - P|2J', S(2), 2)', 2J") = flv (0(2), 2)'), 2J"), 

we get 

S(2J,2J',2J") = ~S(2J,2J",2}'), 

r v (2), 2}', 2)") = Ec„ c i(s,3>',2>") S (2>. 3)")- 

Proof. The first equality follows from the metric character of the two connec- 
tions. The second follows from the definition of tv by a straightforward calcu- 
lation. □ 

Corollary 5.3. The Gualtieri torsion tv is totally skew symmetric. 

Proof. Obvious. □ 

Proposition 5.7. There exist invariant procedures to derive a double metric 
connection with a vanishing Gualtieri torsion starting from the data of a given 
double field. 

Proof. We may use the procedure given in [23 . Change the connections by 
the transformation 

where X £ 2) G V, 2)i S Vi. A technical calculation, namely the one made for 
formula (4.15) of [23], which uses (|5.9[) . shows that preserve the metric a. 
Thus, the change provides a double metric connection T> on V that corresponds 
to the pair . Another technical calculation shows that the Gualtieri torsion 
of T> vanishes if two arguments belong to U± and the third to U T . Now, denote 
by 0,0 the values of the tensor O of Proposition 15.61 for the connections V,T> 
where V = V + $ for an arbitrary tensor Then, we get 

r 6 (2J,2j',2J") = r 5 (2J,?^2j'0 + flv($(9,9'),2)") 

and there is a unique choice of $ such that the second term in the right hand 
side is totally skew symmetric and = 0, given by 

0v (<i>(2),2)'),2J") = -^(2), 2)', 2)")- 

We regard V as the connection required by the proposition and call it the field- 
adapted connection. □ 

Since X>-covariant derivatives in vertical directions work like on para-Hcrmitian 
manifolds, we can transfer the definition of the action given in [23], thereby, 
keeping close to double field theory. 
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Definition 5.7. The vertical tensor field 

i?^(2J,2J')2)" = P 2J %2J" ~ VyVyV" - 

is the deformed, vertical curvature of the connection T>. The vertical tensor field 

Ric»y = |EHi[< ^(jgr.W > + < «i,-Rg'(^ ) W > 

+ < ^,^(^,2)02) > + < Ki ,R s y(£;,V)')2) >}, 

where B l defined by (|4.3p . is the deformed, vertical, Ricci curvature of 

the connection £>. The scalar 

2 m 
g,s— 1 

where the tensor components are with respect to any local basis of the bundle 
V, is the deformed, vertical, scalar curvature of the connection T>. 

If the manifold M is oriented and if (x l ) are positive local charts, the double 
field (H,2v) yields the volume form 

d(vol) = Ideta^^dx 1 A ... A dx m A 9 1 A ... A 6 rn A m A ... A K m 

on TM (the dx l and 0* portions of the form multiply by J~ 1 and the Hi portion 
multiplies by J under a coordinate transformation x l — x l (x J ) with the Jacobian 
J). Now, we can formulate the final result as 

Proposition 5.8. Let (H, gv) be a double field over the manifold M with density 
if G C°° (TM) . Then, provided that the integral is finite, the formula 

A( SV ,n) - f e-^p v Sv d(vol) 
Jim 

yields a well defined action functional of the field. 

Of course, any possible applications of this result should be decided by 
physics. 
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